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A NOTE ON SYMMETRIC PROPERTIES OF THE MULTIPLE
q-EULER ZETA FUNCTIONS AND HIGHER-ORDER q-EULER
POLYNOMIALS
DAE SAN KIM AND TAEKYUN KIM
Abstract. Recently, the higher-order q-Euler polynomials and multiple q-
Euler zeta functions are introduced by T. Kim ([?, ?]). In this paper, we
investigate some symmetric properties of the multiple q-Euler zeta function
and derive various identities concerning the higher-order q-Euler polynomials
from the symmetric properties of the multiple q-Euler zeta functions.
1. Introduction
For q ∈ C with |q| < 1, the q-number is defined by [x]q =
1−qx
1−q . Note that
lim
q→1
[x]q = x. As is well known, the Euler polynomials of order r(∈ N) are defined
by the generating function to be
(1)
(
2
et + 1
)r
ext =
(
2
et + 1
)
× · · · ×
(
2
et + 1
)
︸ ︷︷ ︸
r-times
ext =
∞∑
n=0
E(r)n (x)
tn
n!
.
When x = 0, E
(r)
n = E
(r)
n (0) are called the Euler numbers of order r (see [1-13]).
In [?], T. Kim considered the q-extension of higher-order Euler polynomials which
are given by the generating function to be
F (r)q (t, x) = [2]
r
q
∞∑
m1,··· ,mr=0
(−q)
m1+···+mr e[m1+···+mr+x]qt(2)
=
∞∑
n=0
E(r)n,q (x)
tn
n!
.
Note that lim
q→1
F
(r)
q (t, x) =
(
2
et+1
)r
ext =
∞∑
n=0
E(r)n (x)
tn
n!
.
When x = 0, E
(r)
n,q = E
(r)
n,q (0) are called the q-Euler numbers of order r(∈ N).
In [?], Rim et al. have studied the properties of q-Euler polynomials due to T.
Kim.
From (2), we note that
E(r)n,q (x) =
n∑
l=0
(
n
l
)
qlxE
(r)
l,q [x]
n−l
q(3)
=
(
qxE(r)q + [x]q
)n
,
with the usual convention about replacing
(
E
(r)
q
)n
by E
(r)
n,q.
1
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In [?], T. Kim considered the multiple q-Euler zeta function which interpolates
higher-order q-Euler polynomials at negative integers as follows :
ζq,r (s, x) = [2]
r
q
∞∑
m1,··· ,mr=0
(−q)
m1+···+mr
[m1 + · · ·+mr + x]
s
q
(4)
= [2]
r
q
∞∑
m=0
(
m+ r − 1
m
)
q
(−q)
m 1
[m+ x]
s
q
,
where s ∈ C and x ∈ R with x 6= 0, −1, −2, −3, · · · .
By using Cauchy residue theorem and Laurent series, we note that
(5) ζq,r (−n, x) = E
(r)
n,q (x) , where r ∈ Z≥0.
Recently, D.S. Kim et al. ([?]) introduced some interesting and important sym-
metric identities of the q-Euler polynomials which are derived from the symmetric
properties of q-Euler zeta function. Indeed, their identities are a part of an answer
to an open question for the symmetric identities of Carlitz’s type q-Euler polyno-
mials in [?].
In order to find a generalization of identities of D. S. Kim et al. ([?]), we consider
symmetric properties of the multiple q-Euler zeta function. From the symmetric
properties of multiple q-Euler zeta function, we derive identities of symmetry for
the higher-order q-Euler polynomials.
2. Some identities of higher-order q-Euler polynomials
For a, b ∈ N with a ≡ 1 (mod 2) and b ≡ 1 (mod 2), we observe that
1
[2]
r
qa
ζqa,r
(
s, bx+
b
a
(j1 + · · ·+ jr)
)
(6)
=
∞∑
n1,··· , nr=0
(−1)n1+···+nr qa(n1+···+nr)[
n1 + · · ·+ nr + bx+
b
a
(j1 + · · ·+ jr)
]s
qa
= [a]sq
∞∑
n1,··· , nr=0
(−1)n1+···+nr qa(n1+···+nr)
[a (n1 + · · ·+ nr) + abx+ b (j1 + · · ·+ jr)]
s
q
= [a]
s
q
∞∑
n1,··· , nr=0
b−1∑
i1,··· ,ir=0
(−1)
∑r
l=1 (il + bnl) qa
∑r
l=1 (il + bnl)
[ab
∑r
l=1 (x+ nl) + b
∑r
l=1 jl + a
∑r
l=1 il]
s
q
.
From (6), we note that
[b]
s
q
[2]rqa
a−1∑
j1,··· , jr=0
(−1)
∑r
l=1 jl qb
∑r
l=1 jlζqa,r
(
s, bx+
b
a
(j1 + · · ·+ jr)
)
(7)
= [a]
s
q [b]
s
q
a−1∑
j1,··· , jr=0
b−1∑
i1,··· , ir=0
×
∞∑
n1,··· , nr=0
(−1)
∑r
l=1 (il + jl + nl) q
∑r
l=1 (bjl + ail + abnl)
[ab
∑r
l=1 (x+ nl) + b
∑r
l=1 jl + a
∑r
l=1 il]
s
q
.
By the same method as (7), we get
SYMMETRIC PROPERTIES OF THE MULTIPLE q-EULER ZETA FUNCTIONS 3
[a]
s
q
[2]
r
qb
b−1∑
j1,··· , jr=0
(−1)
∑r
l=1 jl qa
∑r
l=1 jlζ
(
s, ax+
a
b
(j1 + · · ·+ jr)
)
(8)
= [a]
s
q [b]
s
q
b−1∑
j1,··· , jr=0
a−1∑
i1,··· , ir=0
×
∞∑
n1,··· , nr=0
(−1)
∑r
l=1 (il + jl + nl) q
∑r
l=1 (bil + ajl + abnl)
[ab
∑r
l=1 (x+ nl) + a
∑r
l=1 jl + b
∑r
l=1 il]
s
q
.
Threfore, by (7) and (8), we obtain the following theorem.
Theorem 1. For a, b ∈ N with a ≡ 1 (mod 2) and b ≡ 1 (mod 2), we have
[2]rqb [b]
s
q
a−1∑
j1,··· ,jr=0
(−1)
∑r
l=1 jl qb
∑r
l=1 jlζqa,r
(
s, bx+
b
a
(j1 + · · ·+ jr)
)
= [2]
r
qa [a]
s
q
b−1∑
j1,··· ,jr=0
(−1)
∑r
l=1 jl qa
∑r
l=1 jlζqb,r
(
s, ax+
a
b
(j1 + · · ·+ jr)
)
.
From (5) and Theorem 1, we obtain the following theorem.
Theorem 2. For n ≥ 0 and a, b ∈ N with a ≡ 1 (mod 2) and b ≡ 1 (mod 2), we
have
[2]
r
qb [a]
n
q
a−1∑
j1,··· ,jr=0
(−1)
∑r
l=1 jl qb
∑r
l=1 jlE
(r)
n,qa
(
bx+
b
a
(j1 + · · ·+ jr)
)
= [2]
r
qa [b]
n
q
b−1∑
j1,··· ,jr=0
(−1)
∑r
l=1 jl qa
∑r
l=1 jlE
(r)
n,qb
(
ax+
a
b
(j1 + · · ·+ jr)
)
.
By (3), we easily get
(9) E(r)n,q (x+ y) =
n∑
i=0
(
n
i
)
qxiE
(r)
i,q (y) [x]
n−i
q .
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Thus, from (9), we have
a−1∑
j1,··· ,jr=0
(−1)
∑r
l=1 jl qb
∑r
l=1 jlE
(r)
n,qa
(
bx+
b
a
(j1 + · · ·+ jr)
)(10)
=
a−1∑
j1,··· ,jr=0
(−1)
∑r
l=1 jl qb
∑r
l=1 jl
n∑
i=0
(
n
i
)
q
ia
(
b
a
∑r
l=1 jl
)
E
(r)
i,qa (bx)
[
b
a
r∑
l=1
jl
]n−i
qa
=
a−1∑
j1,··· ,jr=0
(−1)
∑r
l=1 jl qb
∑r
l=1 jl
n∑
i=0
(
n
i
)
q(n−i)b
∑r
l=1 jlE
(r)
n−i,qa (bx)
[
b
a
r∑
l=1
jl
]i
qa
=
n∑
i=0
(
n
i
)(
[b]q
[a]q
)i
E
(r)
n−i,qa (bx)
×
a−1∑
j1,··· ,jr=0
(−1)
∑r
l=1 jl qb
∑r
l=1 (n− i+ 1) jl [j1 + · · ·+ jr]
i
qb
=
n∑
i=0
(
n
i
)(
[b]q
[a]q
)i
E
(r)
n−i,qa (bx)S
(r)
n,i,qb
(a) ,
where
(11) S
(r)
n,i,qb
(a) =
a−1∑
j1,··· , jr=0
(−1)
∑r
l=1
jl q
∑
r
l=1(n−i+1)jl [j1 + · · ·+ jr]
i
q .
From (10) and (11), we note that
[2]
r
qb [a]
n
q
a−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1
jl qb
∑r
l=1
jlE
(r)
n,qa
(
bx+
b
a
(j1 + · · ·+ jr)
)
(12)
= [2]rqb
n∑
i=0
(
n
i
)
[a]n−iq [b]
i
q E
(r)
n−i,qa (bx)S
(r)
n,i,qb
(a) .
By the same method as (12), we get
[2]
r
qa [b]
n
q
b−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1
jl qa
∑r
l=1
jlE
(r)
n,qb
(
ax+
a
b
(j1 + · · ·+ jr)
)
(13)
= [2]rqa
n∑
i=0
(
n
i
)
[b]n−iq [a]
i
q E
(r)
n−i,qb
(ax)S
(r)
n,i,qa (b) .
Therefore, by (12) and (13), we obtain the following theorem.
Theorem 3. For n ≥ 0 and a, b ∈ N with a ≡ 1 (mod 2) and b ≡ 1 (mod 2), we
have
[2]
r
qb
n∑
i=0
(
n
i
)
[a]
n−i
q [b]
i
q E
(r)
n−i,qa (bx)S
(r)
n,i,qb
(a)
= [2]rqa
n∑
i=0
(
n
i
)
[b]n−iq [a]
i
q E
(r)
n−i,qb
(ax)S
(r)
n,i,qa (b) .
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It is not difficult to show that
e[x]qu
∞∑
m1,··· ,mr=0
qm1+···+mr (−1)
m1+···+mr e[y+m1+···+mr ]qq
x(u+v)(14)
=e−[x]qv
∞∑
m1,··· ,mr=0
qm1+···+mr (−1)m1+···+mr e[x+y+m1+···+mr]q(u+v).
By (2) and (14), we get
m∑
k=0
(
m
k
)
q(k+n)xE
(r)
k+n,q (y) [x]
m−k
q(15)
=
n∑
k=0
(
n
k
)
E
(r)
m+k,q (x+ y) q
(n−k)x [−x]
n−k
q ,
where m,n ≥ 0.
Thus, by (15), we see that
m∑
k=0
(
m
k
)
qkxE
(r)
k+n,q (y) [x]
m−k
q(16)
=
n∑
k=0
(
n
k
)
q−kxE
(r)
m+k,q (x+ y) [−x]
n−k
q ,
where m, n ≥ 0.
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